We show that Py-Calabi quasi-morphism on the group of Hamiltonian diffeomorphisms of surfaces of higher genus gives rise to a quasistate.
Introduction
In [11] M. Entov and L. Polterovich establish an unexpected link between a group-theoretic notion of quasi-morphism, which has been found useful in symplectic geometry, and a recently emerged branch of functional analysis called the theory of quasi-states and quasi-measures. In this paper we show this connection for a recently discovered, due to P. Py [18] , Calabi quasi-morphism on orientable surfaces of higher genus. The proof relies on hyperbolic geometry tools, surprisingly combined with combinatorial tools such as Hall's marriage theorem.
The Group Ham(M, ω)
Definition 1.1. Let M be a symplectic manifold equipped with a symplectic form ω. Let F t (x) := F (x, t), F : M × R → R be a smooth function, a map which is "locally" equal to the Calabi homomorphism and globally is a homomorphism up to a bounded error. This map is called a Calabi quasi-morphism. A precise definition is given in the following subsection. If in addition µ(x n ) = nµ(x) for each x ∈ G and n ∈ Z then the quasimorphism is called homogeneous. Given a quasi-morphism we can define a homogeneous quasi-morphism called its homogenization µ h by
Calabi Quasi-morphism
For further reading see e.g. [13] . M. Entov and L. Polterovich [10, 6] have constructed Calabi quasi-morphisms for the case of the following symplectic manifolds: CP n , a complex Grassmannian, CP n 1 × ... × CP n k with a monotone product symplectic structure, the monotone symplectic blow-up of CP 2 at one point. Y. Ostrover extended it to some non-monotone manifolds [16] .
The following result is due to P. Py [18] . In addition, P. Py has also constructed a Calabi quasi-morphism for the torus [19] . Let Γ be the set of time one maps corresponding to the flows generated by the Hamiltonian functions in F , i.e.
Γ := {φ H |H ∈ F }.
Clearly, Γ is an abelian subgroup of Ham(M, ω).
It is easy to show that if a homogeneous quasi-morphism is defined on an abelian group, then it is in fact a homomorphism. Hence, the restriction of µ, defined in Theorem 1.6, on the subgroup Γ is a homomorphism. In [18] P. Py has proved the following formula for µ on Γ, assuming that the total area of M is equal to 2g − 2,
where H ∈ F and V F is a certain subset of the critical points of F . A precise formulation of this theorem will be given in Section 4.
Quasi-state
The notion of a quasi-state originates in quantom mechanics [1, 2] , and has been a subject of intensive study in recent years following the paper [3] by J. F. Aarnes. Here is the definition. Quasi-linearity. ξ is linear on A F for every F ∈ C(M).
It is easy to show that a quasi-state is Lipschitz continuous with respect to the C 0 -norm.
Main Result. In the following, M will be an oriented closed surface of genus g ≥ 2, equipped with a symplectic form ω, and µ is Py's quasimorphism given in Theorem 1.6. In [11] M. Entov and L. Polterovich construct a quasi-state from a Calabi quasi-morphism, Our goal is to show that this procedure is applicable to Py's Calabi quasi-morphism. In the following, we assume that the total area of M, denoted by V ol(M), is equal to 2g − 2.
The quasi-state is obtained from µ in the following way:
The main result of the thesis is that the functional ξ related to Py's quasi-morphism is a quasi-state. Note that this result implies that ξ is Lipschitz continuous with respect to the C 0 -norm.
Organization of the work. In the following section we prove the main theorem assuming the monotonicity and continuity theorems, which are proved later on. In sections 3, 4, 5, 6 we make the preparations for the monotonicity theorem, which is proved in Section 7. In Section 3 we define the Reeb graph which is the base for the following constructions. In Section 4 we introduce the notion of essential critical points. In Section 5 we construct a pair of pants decomposition. In Section 6 we prove an intersection theorem of figure eights related to the pair of pants decomposition. In Section 8 we prove the continuity theorem by analyzing Py's construction of the quasi-morphism, this section can be read independently.
Main Steps
The main ingredients of the proof are the following theorems.
Theorem 2.1. Let F, G : M → R be generic Morse functions, such that
We will prove Theorem 1.11 assuming Theorem 2.1 and 2.2.
Proof. Normalization is due to the fact that µ is a homogeneous quasimorphism. Indeed, φ 1 corresponds to the identity element in the group
Ham(M, ω), so µ(φ 1 ) = µ(Id) = 0 by the homogeneity of µ, and it follows that ξ(1) = 1. Since φ F +k = φ F for any smooth function F and a real constant k, we get from the definition of ξ that
Let ǫ > 0 and F , G be generic Morse functions, then
From the monotonicity of generic Morse functions (Theorem 2.1) and Equation 2.1 we get
Thereby, ξ is Lipschitz continuous on generic Morse functions with respect to the C 0 -norm. Generic Morse functions are C 0 -dense in C(M), therefore there is a unique extension of ξ to a continuous map ξ : C(M) → R.
We will show that ξ| C ∞ (M ) ≡ ξ. Indeed, for H ∈ C ∞ (M) we can find a sequence of Morse functions {H n } that C 2 -converges to H. By Theo-
Monotonicity is easily extended to ξ in the following way:
By the monotonicity on Morse functions we obtain ξ(F ′ n ) ≤ ξ(G ′ n ) and by taking limits we get ξ(F ) ≤ ξ(G).
In order to show quasi-linearity we will first show a property called strong quasi-additivity which is defined as follows:
for all smooth functions F , G which commutes in the Poisson bracket, i.e. {F, G} = 0. The functional ξ satisfies this property since it coincides with ξ on smooth functions and the quasi-morphism µ is linear on commuting elements. From the homogeneity of µ we get that ξ is homogeneous and it is easily extended to ξ. It is easy to see that strong quasi-additivity together with homogeneity yields quasi-linearity.
In this section we will define the Reeb graph [20] and prove a statement on its Euler characteristic. The Reeb graph is a simple yet very useful tool in this work, and we will use it in the following sections to define the set of essential critical points, and to construct the pair of pants decomposition. 1) The critical point x i in the case that its index is 0 or 2.
2) An immersed closed curve with a unique transversal double point x i . This is the case when x i is of index 1.
We will assign a vertex v i to the connected component of F −1 (c i ) described above. Let C be the union of the above connected components, then M\C doesn't contain any critical points with respect to F . Hence, by Morse theory [15] , it is a disjoint finite union of open cylinders. The boundaries of each cylinder are contained in two connected components of C. Define an edge associated with this cylinder between the two vertices that correspond to these components. By Morse theory, each cylinder can be parameterized by Hence, we can define in a natural way a projection map π Γ : M → Γ, by sending each connected component that contains a critical point x i to the vertex v i , and each connected component of the form
to the point t in the corresponding edge, parameterized by (c k , c l ).
This is illustrated in Figure 1 . Note that if H : M → R is constant on each connected level curve of F then we can define Proof. Let {x 1 , ...x n } be the set of critical points of F . Recall the following formula for the calculation of the Euler characteristic
where ind x i (gradF ) is the standard index of a critical point of the vector field gradF . Observe that when F is a Morse function, ind x k (gradF ) is +1 for local maximum and minimum points, and −1 for a saddle point. Denote by p the number of local maximum and minimum points, and by q the number of saddle points. Then by the above observation:
From the definition of the Reeb graph, the number of vertices in Γ is equal to the number of critical points in M, therefore:
Furthermore, the degree of each vertex associated with a local maximum or minimum point is 1, and the degree of each vertex associated with a saddle point is 3. Hence, the number of edges in Γ is
We can now calculate the Euler characteristic of Γ:
Essential Critical Points
The notion of essential critical points is needed for the precise formulation of Py's second theorem mentioned in Section 1.3. After defining the term and stating Py's theorem, we will prove a statement regarding the cardinality of the set of essential critical points. The proof will clarify the concept, and its methods will also be used in Section 5 for the construction of the pair of pants decomposition. Similar methods have been used in [9] . We can now state Py's second result [18] . Let F : M → R be a generic
Morse function, where M is a closed oriented surface of genus g ≥ 2 and of total area 2g − 2. Let F be the space of smooth functions on M which commute with F (Definition 1.8), and µ is Py's Calabi quasi-morphism given in Theorem 1.6.
where V F is the set of essential critical points of F .
In the rest of the section we will show that the number of essential critical points is equal to 2g − 2, where g ≥ 2 is the genus of M. Note that Γ ′ is not uniquely defined since the endpoint to be removed can be chosen arbitrarily.
Proof. From the topological point of view, Γ ′ is obtained from Γ by contracting a line segment to a point. Hence Γ ′ is a deformation retract of Γ. 
Proof. Let v ∈ Γ be an essential vertex. The vertices that can be removed in the process of constructing Γ ′ are either endpoints, or vertices that are connected via an edge to an endpoint. The vertex v is essential, hence it can not be an endpoint. Furthermore, if v is connected via an edge to an endpoint, then there exists a subgraph associated with v which is a tree, namely, it is the subgraph that contains the endpoint and v. Hence, we get a contradiction to the fact that v is essential. We conclude that v ∈ Γ ′ .
Assume that v is not essential in Γ ′ . In the construction of Γ ′ , no new endpoints are created relative to those in Γ. Now, v is not an endpoint in Γ, hence it is not an endpoint in Γ ′ . If one of the subgraphs associated with v is a tree in Γ ′ , then it is also a tree in Γ, since the addition of a free edge does not create a cycle. But v is essential in Γ, hence we have a contradiction, and v is indeed essential in Γ ′ .
Conversely, let v be essential in Γ ′ . The vertices of Γ ′ are contained in those of Γ, so obviously v ∈ Γ. The vertex v is not an endpoint in Γ ′ so in particular it is not an endpoint in Γ. The subgraphs associated with v in Γ ′ are all not trees, and the addition of a free edge does not change this property in Γ.
Hence v is essential in Γ. Proof. Let v ∈ Γ. Obviously v can't be an endpoint since its degree is 3.
Consider the subgraphs associated with v, {Y 1 , . . . , Y d }. Each subgraph has at most one vertex of degree 1 (Namely, the vertex v). But a non-trivial tree must have at least two vertices of degree 1. Therefore v is essential. will only contain the critical value c i . (n) the graph obtained after the n-th iteration of the algorithm. Assume that the claim holds for Γ (n+1) and we will show that it holds for Γ (n) .
is a disjoint union of trees, such that each tree has precisely two endpoints removed. In the reverse step of the algorithm we attach a free edge to one of the edges in the graph. But an addition of a free edge to a tree is also a tree and there are still only two endpoints re- Let γ i , γ j ∈ {γ 1 , ..., γ 3g−3 } for i = j. Assume that γ i is isotopic to γ j . Then γ i and γ j are the boundaries of some cylinder C in M. But γ i is also a boundary component of some pairs of pants P + , P − ∈ {P 1 , ..., P 2g−2 } (maybe a priory equal). Thus, at least one of P + , P − is contained in C. This implies that at least one of the three boundary components of this pair of pants, denoted by γ k ∈ {γ 1 , ..., γ 3g−3 }, is contractible, contradicting the first claim. Hence, {γ 1 , ..., γ 3g−3 } are pairwise non-isotopic.
Take an auxiliary metric of negative curvature on M. By a theorem [8] , the submanifold that consists of the circles {γ 1 , ..., γ 3g−3 } is isotopic to a unique disjoint union of simple closed geodesics {δ 1 , ..., δ 3g−3 }. Note that M\ i δ i is a disjoint union of pairs of pants since it is isotopic to M\ i γ i .
We will denote by P i the pair of pants with geodesic boundaries isotopic to P i (Figure 3 , bottom right).
Definition 5.5. We will call the collection {P 1 , ..., P 2g−2 }, the pair of pants decomposition of M associated with F .
Proposition 5.6. Given an auxiliary metric of negative curvature on M, the pair of pants decomposition of M associated with F is well-defined.
Proof. The only choices we had in the definition, were the choice of a small enough ǫ > 0, and which one of the boundary components of each cylinder will be denoted by γ i . Note that these choices do not affect the circles {γ 1 , ..., γ 3g−3 } up to isotopy. The geodesics {δ 1 , ..., δ 3g−3 } are isotopic to {γ 1 , ..., γ 3g−3 }, and are uniquely determined, given the auxiliary metric. Hence they do not depend on the above choices, and the term is welldefined.
We will define a figure eight collection of a generic Morse function F :
M → R, and prove an intersection theorem, using hyperbolic geometry tools and Hall's marriage theorem. This is the last step towards the proof of monotonicity. For each x i ∈ V, denote by c i = F (x i ) its critical value for i = 1, ..., 2g − 2.
We can assume c 1 < c 2 < ... < c 2g−2 . Denote by e i the connected component of F −1 (c i ) that contains x i . Note that x i is the only critical point in this level set, and its index is 1 since it is essential. By classification theory, e i is an immersed closed curve with a unique transversal double point at x i .
Thereby, e i is a figure eight. We will call the collection {e 1 , ..., e 2g−2 } the figure eight collection of F .
We will use the following preliminary results from hyperbolic geometry.
Proofs can be found in [7] . of the boundary components of (F −1 (c − ǫ, c + ǫ)) x . Following the notation used in the definition, we denote the new boundary components of the pair of pants by γ 1 ,γ 2 and γ 3 . Note that γ 2 and γ 3 coincide in the case in which two boundary components of the initial pair of pants are isotopic. We only attached cylinders to boundaries of (F −1 (c − ǫ, c + ǫ)) x , therefore P \e is also a disjoint union of three cylinders.
By a theorem [8] there exists a homeomorphism h : M → M isotopic to the identity such that γ 1 ,γ 2 and γ 3 are sent to the unique closed geodesics δ 1 , δ 2 and δ 3 respectively. The image of P by h is therefore P , the pair of pants bounded by δ 1 , δ 2 and δ 3 . The image of e by h, denoted by e := h(e), is a figure eight homotopic to e and contained in P . Furthermore, h(P \e) = P \ e is again a disjoint union of three cylinders since h is a homeomorphism. We can consider P ∪ ∂P as a compact hyperbolic surface with boundary, and e is a non-contractible closed curve on P . Hence, by Theorem 6.3, e is freely homotopic to a unique closed geodesic η, and η is either contained in ∂P or η ∩ P = ∅. Since e is not homotopic to any of the boundary components of P , η cannot be contained in ∂P . Therefore, η ∩ ∂P = ∅ and η is contained in P . Note that e is freely homotopic to e, so η is also the geodesic closed curve homotopic to e by uniqueness. Since η is in the homotopy class of e, together with the fact that a geodesic curve cannot bound any disc, it follows that P \η is also a disjoint union of three cylinders. by e 1 and e 2 respectively, such that for i = 1, 2, η i and e i have the same endpoints at the circle at infinity (Figure 4 ). Since η 1 and η 2 have transversal intersection, the endpoints of η 1 separate the endpoints of η 2 . As a result, e 1 and e 2 must intersect in D, so their projection on the surface must also intersect as required.
Lemma 6.7. Let P be a pair of pants, and let e 1 , e 2 be two figure eights contained in P , such that for each i, P \e i is a disjoint union of three cylinders.
Then e 1 ∩ e 2 = ∅.
Proof. Assume that e 1 ∩ e 2 = ∅. Since e 2 is connected, it is contained in one of the connected components of P \e 1 . By our assumption this component is a cylinder, denoted by C, so e 2 ⊂ C. The figure eight e 2 is composed of two disjoint simple loops with a unique intersection point. But in a cylinder, each two non-contractible simple loops are freely homotopic to each other.
Hence, e 2 bounds a disc, in contradiction to the assumption that P \e 2 is a disjoint union of cylinders. Therefore e 1 ∩ e 2 = ∅.
Before the next proposition we wish to emphasize that we do not regard the boundary of a pair of pants as part of it, i.e. ∂P ∩ P = ∅.
Proposition 6.8. Let P 1 ,P 2 ⊂ M be two pairs of pants with geodesic boundaries such that P 1 ∩ P 2 = ∅. Then either the boundary components of P 1 and P 2 coincide, or there exists a boundary component of P 1 that has transversal intersection with a boundary component of P 2 .
Proof. We will assume that not all the boundary components of P 1 coincide with those of P 2 , i.e. (∂P 1 \∂P 2 ) ∪ (∂P 2 \∂P 1 ) = ∅. We will first show that
and γ(1) = y ∈ ∂P 1 . By the above assumptions, γ(1) / ∈ P 2 ∪ ∂P 2 and
Hence, there must exist t 0 ∈ (0, 1) such that
as required. Now, choose z ∈ (∂P 1 ∩P 2 )∪(∂P 2 ∩P 1 ) and assume without loss of generality that z ∈ ∂P 1 ∩P 2 . Denote by δ the boundary component in ∂P 1 that contains z. Note that δ does not coincide with any of the boundary components of P 2 since ∂P 2 ∩P 2 = ∅ and if δ ⊂ ∂P 2 then δ∩P 2 = ∅ but z ∈ δ∩P 2 . We will show that δ ∩ ∂P 2 = ∅. Suppose that δ ∩ ∂P 2 = ∅, then since z ∈ δ ∩ P 2 we get that δ must be contained in P 2 . The boundary component δ is a simple closed curve, and topologically, a pair of pants can be viewed as a sphere with three points removed, so δ must bound a disc or a punctured disk. Hence, δ is either contractible, or freely homotopic to one of the boundary components of P 2 . But δ is a geodesic, thereby it is not contractible, and if it is homotopic to one of the geodesic boundary components of P 2 then they must coincide by Theorem 6.3, in contradiction to the choice of δ. Therefore, δ ∩ ∂P 2 = ∅.
If two geodesic curves intersect then they either coincide or have transversal intersection. We have already shown that they do not coincide, so the result follows. 2 is freely homotopic to δ 3 .
Proposition 6.9. Let P 1 , P 2 ⊂ M be two pairs of pants with geodesic boundaries, such that P 1 ∩ P 2 = ∅. Let e 1 , e 2 be two figure eights contained in P 1 and P 2 , respectively, such that for i = 1, 2 P i \e i is a disjoint union of three cylinders. Then e 1 ∩ e 2 = ∅.
Proof. We will first make the following observation. Let e be a figure eight contained in a pair of pants P with geodesic boundaries such that P \e is a disjoint union of three cylinders. Let x 0 be the unique transversal intersection point of the figure eight e. The figure eight can be divided into two simple closed curves γ 1 and γ 2 with endpoints at x 0 . Define γ 3 to be the (nonsmooth) curve γ 1 concatenated with γ 2 in reverse orientation. Since P \e is a disjoint union of three cylinders, we get that the curves γ 1 ,γ 2 and γ 3 are freely homotopic to the three boundary components of P ( Figure 5 ). Now, let P 1 and P 2 be two pairs of pants with geodesic boundaries such that P 1 ∩ P 2 = ∅. If P 1 and P 2 coincide then the result follows from Lemma 6.7. In the case that P 1 and P 2 do not coincide, then by Proposition 6.8 there exists a boundary component δ of P 1 that has transversal intersection with a boundary component δ ′ of P 2 . Let γ i and γ ′ i , i = 1, 2, 3 be the closed curves corresponding to the figure eights e 1 and e 2 respectively, as defined above.
Let k, l ∈ {1, 2, 3} be such that the curves γ k and γ ′ l are freely homotopic to δ and δ ′ respectively. By Theorem 6.4 we get that γ k intersects γ ′ l and since γ k and γ ′ l are contained in e 1 and e 2 respectively, we get that e 1 ∩ e 2 = ∅ as required.
We will need the following definitions in order to state Hall's marriage theorem. Proof. Let {P 1 , ..., P 2g−2 } and {Q 1 , ..., Q 2g−2 } be the pair of pants decompositions of M associated with F and G respectively. We will first show that there exists a permutation σ ∈ S(2g − 2) such that P i ∩ Q σ(i) = ∅. We will use Hall's marriage theorem in order to prove this. Define for i = 1, ..., 2g − 2 S i := {j|Q j ∩ P i = ∅} so S i contains the indices of pairs of pants in {Q 1 , ..., Q 2g−2 } that intersect P i . Define S := {S 1 , ..., S 2g−2 }. We will prove the marriage condition for S. Let T = {S i |i ∈ J} be a subset of S, where J ⊂ {1, ..., 2g − 2}. Define P := {P i |i ∈ J}. Note that the hyperbolic area of any pair of pants with geodesic boundaries is equal by Gauss-Bonnet to Now it is left to prove that e i ∩f σ(i) = ∅. By Lemma 6.5 the unique closed geodesics homotopic to e i and f σ(i) , denoted by e i and f σ(i) , are contained in P i and Q σ(i) respectively. Furthermore, P i \e i and Q σ(i) \f σ(i) , are both a disjoint union of three cylinders. By Proposition 6.9 we get that e i ∩f σ(i) = ∅ and from Lemma 6.6 we conclude that e i ∩ f σ(i) = ∅. This completes the proof.
7 Monotonicity Theorem 7.1. Let F, G : M → R be generic Morse functions, such that
tial critical points of F and G respectively. Using Definition 1.10 of ξ and Theorem 4.4 we get that
Let {e 1 , ..., e 2g−2 } and {f 1 , ..., f 2g−2 } be the figure eight collection of F and G respectively. By Theorem 6.12 there exists a permutation σ ∈ S(2g − 2)
such that for i = 1, ..., 2g − 2 we have
as required.
Continuity
In this section we will examine the construction of Py's quasi-morphism as defined in [18] and show that it is continuous on time independent Hamiltonians, with respect to the C 2 -topology. Lets recall the following definitions.
Definition 8.1. A contact form α on a 2n + 1 dimensional manifold P is a 1-form with the property that α ∧ (dα) n = 0. Definition 8.2. Given a contact form α on a manifold P , the Reeb vector field X is defined to be the unique vector field that satisfies dα(X, Z) = 0 for every Z ∈ T P and α(X) = 1.
Definition 8.3.
A principal G-bundle is a fiber bundle π : P → M together with a smooth right action P × G → P by a Lie group G such that G preserves the fibers of P and acts freely and transitively on them. The abstract fiber of the bundle is taken to be G itself.
The following result is due to Banyaga [4] . 
where Diff 0 (P, α) stands for the group of diffeomorphisms on P which preserve α and are isotopic to the identity via an isotopy that preserves α.
Moreover, when Ham(M, ω) is simply connected then the extension splits.
In our case, M is a closed surface of genus g ≥ 2 hence Ham(M, ω) is simply connected [11, 19] and the extension splits.
Let φ Ht be a Hamiltonian diffeomorphism generated by the Hamiltonian H t , where M H t ω = 0 for every t ∈ [0, 1]. Define a vector field on P ,
where X is the Reeb vector field on P , and sgradH t is the horizontal lift of sgradH t , i.e. α( sgradH t ) = 0 and π * ( sgradH t ) = sgradH t . Define Θ(H t ) to be the flow generated by V t . It can be shown that V t preserves α and that the homotopy class with fixed endpoints of Θ(H t ) depends only on the homotopy class with fixed endpoints of the flow generated by H t . Hence, Let H ∈ C ∞ (M), i.e. H is a time independent Hamiltonian. In order to apply Θ on the flow generated by H, we must first normalize H, i.e.
Hω. The normalization mapping is obviously smooth.
The definition of the vector field V t involves sgradH, hence V t is continuous as a function of H with respect to the C 2 -topology on C ∞ (M), and so is the
Construction of the quasi-morphism. Let M be a closed surface of genus g ≥ 2, equipped with a symplectic form ω. We will assume that the total area of M is equal to 2g − 2. Choose a metric with constant negative curvature on M such that its associated area form is equal to ω. Denote by P the unit tangent bundle of M. We will use the Poincaré disc D as a model for the universal cover of M, and denote by S for the natural projection, sending each unit vector in the tangent bundle of D to the limit at S 1 ∞ of the unique geodesic tangent to it. Note that p ∞ is a smooth mapping. We will denote by π : P → M the natural projection. Denote by X the vector field on P generated by the action of S 1 , parameterized by R/Z, on P . One can show that there exists a contact form α on P such that π * ω = dα and its Reeb vector field coincides with X. Hence, according to Theorem 8.4 we can construct the homomorphism Θ as defined above.
Given an Hamiltonian H on M, we can define an isotopy (Θ(H)) t on P as constructed above. Note that since P is closed, (Θ(H)) t is uniformly continuous on P . Let (Θ(H)) t : S Proof. Let x ∈ G, m, p ∈ N. By the quasi-morphism property we get
Using induction on p we obtain
Divide by mp
Equivalently, |µ mp (x) − µ m (x)| < C m .
As p tends to infinity we get
as required. According to Proposition 8.8 we have
Py's quasi-morphism µ is defined to be µ ∞ , so the result follows from Definition 1.10 of ξ. which partially supported this work.
